
COW A RD58 0036 
T 1I E J 0 U R!:\ .\ L 0 F C II E ~[ I CAL P ,I Y SIC S VOLU:-~E 29, X'::I1DER_ 

Quantum Statistical ':'heo~.-y of Plasmas and Liqui<i JEetals* 

ROllERT D. CO\\,AX, UIli:'CTsily oj Cuiijoruia, Los Alalllos Scielllific Laboratory, Los .·l!amos, Xc";.:) .''/cx:co 

AXD 

jO)[X G. KmJ.:\\"ooD, Sicrtill?, ChciI:isiry Labora/ory, Yalc Uui;;crJity, -"C"iil f1l1;;'Cil, COIII:ccl;cul 

(Received April 28, 1958) 

.\ Dcbyc-lJiickcl-typc thcory is de~cril,ed for an assembly of compktdy ionized 'Ltoms, ,he nudei I;c!ng 
treated cla:i~ica:ly and the c ectrvns by the Thomas-Fermi method. The thermodynamic iunctio::, "rc de­
rived by conoidl'ring thl.! Del,)'c charging process, and the virialthcorem is shown to hold. Xun:"rica! rl';;i .. is 

arc ~ivcn lor hydrogen and iron nellr normal solid densities, and arc probahly accurak onlY:lt high tCll1per'~­
tures (I,T>5 ev for hydrogen and kT>100 ev for iron). At these: temperatures, the resdts do not cilia 
grcatly frum those of the ordinary Thomas-Fermi theory of the atom cxcept for the auditional contril) lio! s 
of the nuclei. 

1. INTRODUCTION 

TT'\HE t..:mperature-dL:Jo(:ndent Thom:;s-Fermi (TF) 1 

~ ,nd Thomas-Fermi-Dirac (TFD)2 theories oi the 
atom have been r(: c":l~ly discussed in detail, and used to 
,'alcuJalc e'luatiol'" 0: "t..~e of the elemeats at high 
lemper.ltures and pressur,:.;. These theories involvl.: a 
number of approximalions, among w]-.;ch are the 
foilo,,'ing . (1) TLe properties of bulk material are 
approximated by .1:0"c u: ... i isolated, spherically 
symmetric atom whose nucleus is at rest. There are 
thus no contributions due to nuclear motion nor to 
interactions between neighboring atoms. en The 
electrons ;\rl: a~sumed to be quasi-free, and their dis­
tribution about the nucleus is calculated :;latistit:ally, 
::;0 that the shell structure of tbe ~Ltom is in no W~Ly 
reproduced . The electron density at the nuckus turns 
out to be infinite, re::;ulting in absolute bindinci energies 
which are considerably too great in magnitudc;. (3) 
The electrons are treated in !.he one-electron approxi­
mation, so that there are no correlations in the motions 
of the electrons due to their mutual electrostatic re­
pu}"ion , though in the TFD theo )' some correlation 
among electrons of parallel spin results from effects of 
the Pauli exclusion principle. 

The Debye-Huckel, Thomas-Fermi (DHTF) theory 
developed recen tly by Plock and Kirkwuoci' removes 
to some extent several of th .. ,.bove approximations. 
)'Iattc-r is treated in bulk with associated nuclear effects 
and interactions between atoms, and electrostatic 
correhtions among the electrons are present. Exchange 
effects arc not included . These can be incorporated in a 
manner similar to that of the TFD theory [the prin­
cipal change in the equa.tions given below is to replace 
~O·/2Il/2(7]) by the function G2 (07], 8) defmed in reference 
2J; however, this would introduce fairly serious nu­
merical complications and would probably not greatly 

* Work performed under the ausjJices of the 1;. S. Atomic Energy 
Con1is~:;ion. 

J R. btter, Phys. Rev. 99, 185-l (1955). 
2 k D. Cowan and J. Ashkin, Phys. Rev. 105, 144 (1957;. 
, .Z. J. Plock, Thesis, Yale University, 1950j R . J. Plock and 

]. G'-Kirkwood (to be published). 

change the calculated results since at low dens:tic". 
the correlation effects include most or all of the ex­
change energy.4 

2. THEORY 

vVe consider an infinite as.3em~ly of atoms (of oni: 
element) at uniform temperature .• nd density, such 
. . ?articles (both nuclei 8.W electrons) arc frti: 

to move about under the influence or their mutua: 
electrostatic forces . In order to be ab:e to evaluate 
the thermodyn2.mic functions ior this system by con­
sidering t.he Debye ch:ngi;;g jJrocess, we suppo::;e eac~ 
p3.rllc.i carry an arbitrary fraction A oi its trUe 
physical ch~lrge, the charge on each p:uticle thus being 
AZe and - AC for nuclei and c!ectrons, re:;pectiYely. 
The average densities of nuclei and electrons will be 
denoted by n+o and 11-0; for [n electrical y neutral 
system 

Zn-rfj=1L,{). (1) 

a. Particle Distributions about a Nucleus 

Singling out one particular nucleus, let the average 
electrostatic potential (resulting from all p~nic:e:i, 
including the nucleus in question) and the averc_ge 
charge density about this nucleus be rt;;pec iYely 
1/I+(r) and 

(2) 

where 11,.1-+ and n-+ are the <wcrage ,.",nsi tics of nue!\:: 
and elect.rons at a distance r from LlC; g~\'en ;'Jcku,. 
The potential and ch:Hge density arc related through 
the Poisson equation 

!J.tj;+= - hp+= --I-7rAC (Zil+. - il-;-), (3) 

the boundary conditions being 

lim n/;+ (r) = "Ze, 
T-)O 

lim 1/I,(r) = 0. 
T-leo 

4 R. D. Cowan and J. G. Kirkwoo_, Phys. Rev. (to bc. pub­
ished) . 
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\\'e shall a::;sume that the nuclei can be trea:.ed 
,'i:;s::;ically, so that 

(5) 

j'!H: elenrons must, however, be described by Fermi­
jJir"c :,tatistics . In the Thomas-Fermi approximation, 
Ir..: have' 

I,','h crc 

8"J"" fdp 
1I-+-= ft3 0 1+ exp[ (p~/2m-A!J1/;+-J.l.)/kT] 

=-±"(2mkTft-2) 1~(1)+), (6) 

1", (1) = 10
00 

y"'(1 +eY-~) -ldy, 

1)+= C'Ae1/;++J.I.)/kT, 

(7) 

(8) 

:1I1l the free-el ectron chemical potential J.I. is such that 

1'-0= 4r. (2I11kTh-2)l1i (1)",,) , 

1)oo=J.I./ kT. 

(9) 

(10) 

For purposes of numerical calculation, it i::; con­
\'cnicllt to introduce the following units of length and 
encrgy· 

(11) 

and 

e~ = 321J1A4e,l /t-2= 22.0532A4ev, (12) 

and also the quantities 

Stoner.7 The differential equ:aioll (16) C2.1": thcn bc 
integrated to give ¢+(x), and hencc 1)-r(:c) :dm (15) . 
Thl: distribution of particles c.:.Lvu t :1 gi \'Cll nuclcus 
then follows from (6) and the eqt.:iva]cnl of (5) 

11++= 11-+0 exp[ - Z (7)+ - 7)",)]. (18) 

The net ch: rge surround;ng the give:n nt.:c!eL:s is 

q,.= -hr~~1oco (r...Zell-h- - AelLr ) x~d:.; . (19) 

Using (6) , (18), and the differelltial el.uation (16), 
this can be written 

q.,.= - r...Zc1oco¢/'XJ,\; 

= -AZe[x¢,' - ¢+Joco= - AZC, (20) 

from the boundary conditions (17) . TIm::. i.J.+ i::;, as it 
should be, the negative of the ch~rge on t.he given 
nucleus. 

b , Particle Distributions about an E!ectron 

Singling out a specific electron, let the average 
electrostatic potemiaJ (due to all char,,;cs, including the 
electron in question) and the average charge density 
abom this electron be, res;)ectivcly, -.f;_(r) and 

These quantities are related through l.he Poi~::;on 
equation 

(22) 

x=r/r~, O=ltT/O)., (13) wi h :)ouncbry conditions 

-tE= (6/,,2Z") 1= 0.8471308..J.Z-1, (1-1) 

1)+ = 0-1 (-±f) -2 (4)'1'/ x) . (15) -
('(jnJbin ing all the alJove, the I)oisson equation (3) 
reduces to 

9/' (,\;) = .~ (-±f) 30:,\;l I } (1)+) - 1: (7)co) exp[ - Z (1),. - 7)co) Jl , 
(16) 

wilh boundary conditions 

4>+(0) = 1, 

lim rif;-(r) = -r...e 
1"...;", 0 

lim 1/;_(r) =0. (23) 
r -ioo 

For a neutral p!a,.;ma., it follow::. :rom ,.,ym,]1l:1ry 
considerations that the distribution or po~iLiv;,; chan,;e 
about an electron mu:;t be iclcuical in ,'orm to the 
distribution of negative charge about a nucl(;u~ . Thus 
from (6) , 

n+-= Z-1 IL,= -rr.Z-· (21ilk Th-~) ;1; (7)+). (2..J.) 

lim 4>+ (x ) = x (4)/X) a.> = X<Pco'. 
x-:.c.o 

(17) . Letting 

1"01' given temperature, bulk density of mate:rial, 7)-= (k.f;_+J.I.)/ltT= A!J1/;_/kT-T1)"., (25) 

(26) 

and \":tlue of A, the procedure is as follows : 1Lo can be then analogously to (() 
read ily calculated from the bulk density, 0 found from 
(13),1](7),.,) from (9), and 7)"" from the table!". :u d }L_= -J.7r(2J11/~T!c~r/:(7)_) . 
.l';YIl1]ltotic exp<msions for I J given by ~'IcDougall and I n troducing a function 4>-(x) delined by 

i See, illr eX:ln,pic-, Fcynman, :'Ifetropoiis, and Teller, l'hys. 
Re\". 75, 1561 ( t949), Sec. V . 

7)- =u l (-±f) -~( 'i>-/x) , (27) 

'The,e arc the usual Thomas-Fermi units except t ha t e has 
:Jccn rejJlaced uy Ae. 

7 J. i\[cDot'gall ~tlld E. C. Stolll:l", Trans. Roy . Sue. (Lont:on) , 
237 A, 67 (1938) . 
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th<..' l'oisson equation (22) becomes 

wit 1 boundary conditions 

4>_(O)= - l/Z, 

lim rP-(x) = :.;(4)/.-'';)00 = :r4>",,'. (29) 
:rxx> 

WiLh J~ (7)~) being a known function of x from the solu­
Lio!. of (16), (2S) can readily be integratec, to give 4>­
and 7)- as functions of :-.,;, thereby giving the distribu­
tion of panicles about an electron from (2-1:) and (26). 

Similarly to the derivation of (20), the net charge 
about a given electron is 

q_= hrx~f'" (>.Zen+_ - "ACI! __ )x2dx 

= - "AZe[xq'>_'- q'>_Jo"'="Ae, (30) 

which is ju:st the negative of the charge on the electron. 

c. Thermodynamic Functions 

An expression for the Helmholtz free energy A (v, T) 
or our system will be derived through the artifice of 
the Debye charging process, and we accordingly write 

A = A;-1-A., (31) 

where A i is the Helmholtz free energy of the un­
charged (ideal) plasma, and Ac is the contribution 
which arises during the chitrging process. 

The cont ribution of the nuclei to the ideal Helm­
holtz energy A i (per atom) is given by the classical 
expre"slon 

and the contribu tion of the electrons (per atom) isS 

The ponion .1 c of the Eelmholtz energy is the elec­
tr:c::ll work done in charging up the particles at COll­

stant tempera lure and volume, the particle distribu­
tions at each slage in the charging process being the 
equilibrium distributions for the corresponding value 
of "A. Thus the contribution of each nucleus to Ac is 

JZc [ AzeJ Ac+ = lim ~+(r,"A ) -- d( XZe) 
o r .... O r 

XC~(-1-Z2)lf I [, (4)) ] =- - . \2 4>+ (0) - -: d("A2) , 
ao 371" u x Q) ~ 

(3-1-) 

'Sc~. for cxam/lk, .\. H . Wilson, ThermodYl/amics alld Sialis­
lied .:r cchallies Cambridge Univcr,ity l)rcs~, LIJ,;d"ll, 1957), 
Sec. 6.3 . 

and the contribution oi Z elect ·o;:s to .·1" i" 

=-~ ~.~' "A2 4>_'(0)- ~ d("A2) , (35 Z ·'('Z)'11 

[ (.) ] 

au 371" 0 .\. '" X 

where the quantities \Ze/ rand - Xel r !l<lVe been suL· 
tracted from ~r and >.f;, respective y, in urder to remo\"~ 
the self-energies of the P:lrL:C!c:i, ~mu where 9 '- (X I 
hlwe been expanded in Taylor serie:; ~lbout the o;:;.;il. 
(see Sec. 3), al~d the bOl:ntbry condilions (17) ,mti 
(29) employed. (an=i/}/iIIC2 b the first Bohr r:ldiu~ of 
hydrogen.) 

With the Helmholtz free en(;rgy Gl~cuhted in thi, 
manner, the pressure :md the; inLern~1 cner;,;y pt~ 

atc:n can then be obtained from the general relaUom 

p= - (aA/au) T, 

S= - (aA/aT)., 

E=A+TS. (36) 

Alternatively, the pressure or the energy can De found 
from (36) and the other quantity found from lhe 
virial theorem,o which for Coulombic forces, has the 
form 

(37) 

where E,; and Ep are respectively the kinetic and 
)tential energies of the system. The validity of th~ 

VI rial theorem in the case under considcration can Le 
e"tablished as £0:;0WS : 

The energy of the uncharged gas obt,.incd from (32), 
(33), and (36) is entirely kinetic, and il can be readily 
shown tbat Piv=}Ei, by using in the case of :1 £_ lh~ 
relaLion (9) 

and abo the rehtion7 dljd7)oo=ih Thus it i" nece,;~:! ry 
to consider only the contribution of .1, to the prbscr~ 
(p,.) and the energy (He). Thi" :,A qu,ll1;::ty incluc:~, 
not only potemial energy but also a ch:l:1ge in the 
kinetic energy brought alJom by ~: , e charging procc.,s­
the potential energy of the iully charged sy,;~em being 
the result g:\'cn by (3-±) and (35) ;f thc particle di,· 
tributions are held fixed at their values for "A= 110: 

(39) 

• Sce, jor example, Hirschf<:ldcr, Cuti;s, a .c Bird, J/olaul:, 
Theory of Ga.~es and Liquids (John Wi!ey & Sons, Inc., XCII" 

York, 195-l), Secs. 3.1 band U.2ll. 
10 This r(:sult can :dso be obt;jn<;d by a strai;;htfor\l"~rd (:v:.lu;,· 

tion of th(; Coulomh integrals for A = j, 

where p+ and p _ are cldinecl in Eqs. (2) all!, (2, \, and the laeu,", 
} must be inc uded to :lvoid cou:lling pair int~r:lctiollS twice. 
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\\'e lirsl note from (1.'i)-(17) and (27)-(29) that 
,[,li' ,.;inn Z) the solutions ¢.,.(X) and cf>- (x) do not 
c!t::), 'un., T, and A independently, but only on the 
: :,\J"L..:lllitic57]",andO, or iron (38) and (13),onlyon 

(·W) 

Thus if ':h and '1'1 arc some Jixed volume (per atom) and 
temperature and if v and '1' are quantities related to 
"I and '1'1 through a scale bctor c such that 

V=CGVI and T=c-·1'1'r, 

then .'1< may lJe written 

( -11) 

where K is the consl:mt before the integral sign In 

(3-1). Differentiation of this cxpression gives 

(dA.) -1 I 2" , -d =--A.,-K [¢+ (O) - ¢_ (O)].,.Tl.C 
c "I,T, C C 

= -~ A.+~ K[¢/ (0) - ¢_' (0) ]v ,T,l' (-l2) 
c c 

But from (36) and (41), 

v T 
= - 6-b.+4-5. c c' 

and combining this with (42) and (39) give:. 

p.v= HA.+ T 50) - -}Ep 

=HE.-Ep)+}Ep, 

(43) 

(44) 

which completes the proof of (37), (In the singular 
C..l~e '1'= 0, the proof can Ce carried out in :l m:ll1ner 
entirely analogous to that which has been given for a 
modiiicd DHTF theory::) 

3. NUMERICAL METHODS 

The differcntial equations (16) and (28) were inte­
grated numerically with the aid of 113M Type 704 
digital computers, u»ing numerical methods similar to 
those employed ebewherc.2 .. 1 

n, Integration of the Equation for 9+ 

For small .1;, it may be ~ecn from (15) :lnd (17) that 
7]+»1, so that the second term in (16) is negligible 
compared with the first, the differential equation thus 
rcducins to that for the temperature-dependent TF 
.,~vrn. The solution can, therefore, be written i~l s(;ries 
iorm: 

(45) 

the values of the Jir»t few coefiic.ieIlb oc:n6 I 

ao= 1, <1,=0, 

a·c=¢/ (0) = :lroitrary, 

a .• = 0, 

al,j=~·, 

For i~ 7, the a, con tain lL:m pc:ratu:-c-dcI)el1<icn t terms, 
which hOI'\."1' ~ln: of no im1)orL:llll'e provided (-15) 
is used () 1.,' , d ~ulilcicnLly small values vi x. 

UsinJ an cstimated valu<.: 0; a~, ii1~<.:gr'lLion of (16) 
was started with the aid of (·15), and then cominued 
by a difierellce method . Because of th(; boundary con­
dition (17), at largc x Eq_ (16) can be \Hittcn with the 
aid or Taylor series expansions and Eq. (15) in the 
form 

or 

wI:, :~ 

¢," (x)'" K+l¢+- X(9/X)",,] 

9+(X) = x( ¢/ x)", + _·le-x .,.", (46) 

At some hlrge x, then, the constant . ! was evaluated 
so as to match (46) to the nt.:merical solution, and the 
slopes of the two solution" were then com:xlred. The 
value of C2 was thcn moclillcd, and an iterative pro­
cedure carried out unti the two slo~)e::. were equal to 
the desired accuracy. 

It may easily be seen that this solution oi (16)-(17) 
is a unique one (barring solutions with singubrities 
at ..inite x): for :ll1y integral 0: (16), thc curvature is 
positive for 1]+>1]"" and negative for 7] .. <7]",,; if 91 
and ¢-l are two integrals satisfying the boundary condi­
tion~ at the origin with 9/ (0) > 9::;' (0), then ior all x, 
91(X) >¢~(x), ¢/(x) >9/(~;), :ll1d ¢I"(;;;) ><?-~',\x) . 
The solution (which satisEes both boundary condi­
tions) has the properlie:; 9.,.(:;';) >X9",,', 9.,.' (X) <9..,', 
and ¢,I/(x) >0 ior all x. 

As a check on the integration oi the c!ifi'erenLi,d 
equation, the results were u,;ed for a m .. r.':(;riGd ev~du<:. ­
tion of the integ~ .. _, (19); the value of rJ. .. lLu~ obtai"ed 
was generally eCju:il to - AZe w:i.hin one-tweDLieth 
percent, except at large Z and iow 0 wl~(;rc the function 
(18) change~ very rapidly with x. 

b . Integration of the Equation for 9-

With 7]+ b(;ing a known function in~m t11(; ~o!Uli')11 vi 
(16)-(17), thc integral:on of (28) can be carr:ed out 
in a. similar manner. At small x, 1]_«0 from (27) and 
(29), and (28) reduces to 

1/ ( .) - ;! ( 1') .0' .J ' ) ¢- ." --:!·t '.1 H7].,. , 

which is identical with the small-x form of (16) except 

11 Reference 5, Sec. II. 
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for the cl1~nge in sign. The solution can therefore be 
wrillen 

(49) 
where 

bo= - liZ, 

bz= cf>-' (0) = arbitrary, 

bi= - ai, ·i:2: 3. 

At lar~e x, (28) can be wriUen 

the solution to which is 

cf>-(X) = x(¢/ x)", - E _2(K+2- X _2)-1 Ae- x+x+&-K-z, 

(SO) 
where 

(51) 

The value of bz was iterated h. "-1ntil (SO) matched the 
numerical solution both as to value and slope at some 
suitably large x. 

The uniqueness of the solution can again be seen 
from a qualitative examination of the difjerential 
equation, though the situation is somewhat more 
complicated than before in that two qualitative:y 
different forms of the solution are possible : (1) cf>-(x) < 
X¢oo/ , cf>-/(X) >cf>",', and cf>-" (X) <0 for all X; (2) cf>-(x) 
not only cros"es the line xcf>",', but also crosses the curve 
cf>+Cx) at some point Xl with a slope such that ¢,I (XI) < 
c,L/(xl) <cf>.oo/, with ¢_" (x) <0 for X< Xl and cf>-"(X) >0 
for X>Xl' For Z = 1, only the first type solution has 
been observed; for Z = 2, either type may occur, 
depending on the density and temperature; and for 
somewhat larger Z, only the second type has been 
found . The reason for this will be discussed in Sec. 40. 

In all cases, the numerical results checked Eq. (30) 
wi th about the same accuracy as for Eq. (19) . 

,0 

~ 
r -------- --- -

l- i 
.>< , 1_ ...... 
> F Q. 

J 
" -- --' ~ ... ---- i 

. .., ., ", ,:'. , ... , , , , 1 
0.' , '0 ,00 

kT (ov) 

FIG. 1. \'ari ;c(ion of pressure WiLh lcmpcrat.ure according t? t1:~ 
DHTF and Tl; :lj('l'~:(S "f the atom for deuterIum at normal hqU1C 
dcnsity, p=O.J'i glee (or for i'.","rr. :~I: at p=O.085 g/ee).'p; is 
the pressure of a mixture of uncharged (iloltzmann) nuclcl and 
(quan tu Ill.dcgcnerate) electrons. 

-~- ~lil 

" , , , , , , 

I I ""1 

, 
"~I , , 

" 
DHTF --- --- - --=--=-=- .... 

.... ~------
10'L-~~~_L~~~~I~~~L-~~--~~ 

10° 10' (02 10~ 10' 

kT(cv) 

FIG. 2. Variation of prcs:;ure with l<':llll)l:rJ.lur~ for iron aL t~11 
Limes nOrI~lal density (p = 78.5 glee) . 

c. Evaluation of the Thennodyn:l~;::ic Functions 

As pointed oul earlier, the integr:mds of the exprb­
sions (34) and (35) for .11, can be con::;ider"d <\:; func­
tions of only the two parameters vT~ and Tt-.-·:. HC;II'. 

ever, A. was actually computed l)y the more time· 
consuming but more straigh t[onl·,.rd procedure'" of 
integrating the d'fferential c(:uations for th de:;irccl 
v and T and for each of twelve values of ,,2, and evalu­
ating the ,,2 integrals with the aid of Simpson':; :,.:]e. 

In order to evaluate p and L, .:culations were not 
actually 1 ile at the V== p-l and T of inLerest but rather 
at [CL':"'v.l)p, TJ and at [p, (1===0.1) TJ, and p and 5 
calculated from (36) by numerical dilier(:;.:~iation in a 
linear approximation. The associated error is roughly 
one percent, compared with which the cr:ors in Simp­
son's rule and in integrating the differential equation:, 
are negligible. 

In a few cases, the pre::;sure was also evaluated from 
the virial theorem (37) . In e:lch case, the result agreed 
with that obtained from (36) within the one percent 
uncertainty in the latter. 

4. RESULTS 

a. Pressure 

Some numerical result::; for the pn;ssure are ::;hown 
_ Figs. 1-4, which include ior compari:;on curve~ 

~>llOwing the pre::;sure of the uncharged ideal ga::;· 

p.,v= - v(CU ;fav) l' 

= kT +~Zl~TJ~ ('1)<..,)/1:('1) .. ,,) (52) 

(where v i::; volume per atom), and also curves ~hOW : :16 
the electronic pressure a.s calculated from Lhe TF theory 
of the atom.l 

It may be seen, c~pecially from Fi~. 1, lhaL '.t hig:l 
temperatures, the value of pv/hT lor the DHTF theory 
is greater than that for th t.: TF theory by approxi­
mately unity, as i::; to be expected since the olle Lh.::u:y 
includes the nuclear cOIllr:',. d to the pres:;un: 
\\·hereas the ocher docs noL. 

12 This proc.:durc is almost csscntial to ill"ur~ consistent \'allies 
of A, for usc in c\'aluating the dcrivati\'cs \iJA ,/ iJ~) ,1llJ (iJA .'iJT). 
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I~--~~T"~~-r~~r-~rr~~-T-rro~ 

i ,,' ~ ,,,,', " '::~;~: ='--~ -'-~' - '~': u'_:: ~'1 
r ~-TF- 1 

loor , ' ,,, ' " ., " " I I 
10° 10' 102 103 10' 

kT (ov) 

FIG. 3. Variation oi pressure with temperature for iron at normal 
solid densily (p= 7.85 glee) . 

:\t low te:11pcratures and densities, the DHTF curves 
diller qualitaLively from the corresponding TF curves, 
tI.e former jlossessing distinct plateaus in Figs. 3 and 4. 
This eITel.. is strongly Z- and( densi ty-) dependent, as 
confm11ed by numerical results (not shown here) for 
:1.= 6 an,l 92 . It is not immediately obvious whether 
the h rge DHTF pressure c:licul:il(;.j in thc p\;!kau 
region should be considered ]lhysically me:ln" . ..,;\..! . 
One might conjet"lurc that this re tleds ionization 
rCo'ulting from collisions of neighboring a" 'l1S due 
to the thermal motion oi the nuclei, which is :,i>:;cnt 
in the 1'1<' picture. Howevcr, for reasons which \\; ' , ~e 
discussed, the authors feel that these large .. ',;,,-...rcs 
may be ~purious (at least in part) and th~lL ".\.. iJHTF 
results should not be given too much weight :tt low 
tem peratures and densitie::; . 

At sufficiendy low densities, the zero-tempc:mture 
pressure becomes negative (Figs. 1 and 4), unlike the 
TF theory ,\"here p becomes zero only in the limit of 
zero density. This is probably related to the lowering of 
energy due to electron correlation, which is not present 
in the TF theory. The DHTF pressure seems to become 
zero at :l slightly higher density than in the TFD 
~heory ; this is reasonable since at the low electron 
densities at which correlation effects are important, 
the correbtion energy in the present theory is greater 
than the exchange energy of the TFD theory (sec 
reference ·1 and Sec. 4c following) . 

The high-temperature regions in which the DI-ITF 
re~ults may be considered reliable are pertinent to the 
following two problems, among others. 

10
2 

t- , i , . I • I I , . I'; 'I ' • I'" , i " i '..1 
~ " ~ 
~ " ., 
~ ...... ~~ Pi 1 

~ r ~------------- -- ~-~---1 
~ 10' r ~D_H_T_F __ -;; 

~ ~ /" 
/" 

~/,:;, 
-, 

] -1 00~w-~~w-~~~~~~~'~'~~~~~ 
100 10' 102 103 10< 

kT (ev) 

FIG. 4. Variation of pressure with temperature jor iron at one-tenth 
normal density (p=0.785 glee) . 
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I 
0.1 :---'---:~ ___ ---L~_~ ___ ~-,---

o 0.2 0.4 1.2 0.6 0.8 1.0 1.4 

rlro 
FIG. S. The radial distribution functions ior iron at normal d~llsily 

>'=1, and kT=100 ev. ' 

(1) Current efiorts at achieving thl:i'I1lOnUckar reac­
tions arc aimed at producing temper:ttur.:s well above 
100 voll::; in deulerium at ga,;colls dcn"iLie~ . Since both 
high tempera lure and low den,;ilY reduce th(; im­
porlance of dectro"talic interactiuns between the 
nuclei :'\,nu electrons, it is evident from Fi,;. 1 th:lt 
electrostatic clTc.:l:-; arc: completely ne,r/i"iblc under the 
above conditions. b ::> 

(2) In the early years of the Dcby(;-IILickcl (heory, 
:;ev~ral . aLt?n1pts . wer~ made to :lpply the theory 
(prImarIly 111 Its Imeanzed form and u:;in·: Boltzmann 

. . "" 
st:ltlstlCS for all particles) to the p:oblem of ionized 
n:,aterial in stellar interiors. Thus for iron at a density of 
1J6 glcc ar..d a temperature of 26.36XIOGoK (kT= 
2271 ev), Fowler and Guggenheim13 Gl1cu]<!.ted the 
electrostatic effects to reduce the pressure by ~L901 

h 'l Edd' l' . 10, 
W 1 e mgton . corrected the theory in some respects 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 

rlro 

. FIG. 6. The radial distribution fur.etions for iron :It normal den­
SIty, A= 1, and kT= 1000 ev. The 'L _ eun'e lies ::.bo\'e the 11 

curve for r/ro>O.S92. - T 

13 R. H. Fowler and E. A. Guggenheim, ::-ronthly Xu,iccs Roy. 
Astron. Soc. 85 , 939 (1925) . 

14 A. S. Eddington, ::"Ionthly ~otiees Roy Astron Soc 86 
2 (1926) . . . . . • 
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FIG . 7. T he di;triuution of nuclei about a given nucleus fo r iron 
at tell times norm:ll density :lnU A= 1. 

and i0unJ an efT(;ct of only 6.8%. The present DHTF 
theory gives for iron under t he~e cond;:ol:S pvj kT= 
~ ·tO, ~nJ thus J. pressure only -!% less than the perfect­
gas yalue fo r lhe 2-!-fold ionized atoms assumed by 
Eddington. 

b . Radial Distribution Functions 

Lt Figs. 5 and 6 are shown the radial distribution 
func tions (5) , (24), and (26) for iron at normal 
density, A= 1, and kT= 100 and 1000 ev. 

For small r, the density of electrons about a nucleus 
(,1-,) becomes infinite as r-}, just ~.;, in the Thomn.s­
Fermi theory of the atom. As a. result of the high 
electron density near a nucleus (of not too low Z), L.e 
distr::Ju lion of electrons about a typica.l electron 
(lL _I shows a maximum for relatively sm~dl r, and 
at some brger r , n _ _ even becomes gn:J.Ler than 
n+-o This beha.vior is part icularly pronounced for low 
temperature and density and for high Z . For Z=l, 
no maximwn in I L _ has been observed ; this is to be 

0.6 0 .6 1.0 

rl,o 

1.2 104 

F IG. b. The distribution of nuclei about a given nucleus :or iron 
at norm:ll solid den5ity and A = 1. 
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FIG . 9. The distriuution of nuclei ;,l;out a given nllckus ior iron 
at on.::-tcnth norn:'il den,,:~>· and A = 1. 

expected since in this case, then; i:, only one c:ectr01l 
per nudeu,; and con;:;<';(juently r,Q Stro~1g bunching oi 
several c!ectrO!"'.s abou teach nuc!<.;us . 

The distribution or nuclei auom a gi\'<.;n nucl(;us 
CnT+) i:; shown in greater cldai: in Figs. 7 l.V 9, w.,ich 
correspond to the ca.ses picturcd in l\~s . 2 to 4, re­
spectively. For a given density, the diect of c..n increase 
in temperamre is qualitatively what one v;oJld expect­
an increase in tI+-r at sma.ll r [.ncl :l. dccre .... se :1t large r. 
However, at low density (Fig. 9), the efiect ~s qua:l­
titatively abnormal; on the scale or the l~gurc, the 
o:'ly perceptible change in ll+-r on incre~,sing kT froTY:. 
10 to 100 ev is a. decreJ.se everywhere. Thi:; behavior is 
;. .' :>ronounced the lower the density and the higher 
tf,c value of Z. It is closely rehted to the fc..ct that in 
the zcro-temper::-.ture limit, Il-rr tends to a step func­
tion with tLe step at a radius rl whicr. is :.::,.;s than rc, 
this last being the radius or 3. sphere whose volume 
is the average volume per atom (k ro3j3=J!.;.0-:). 

The reason why rl is less than /0 is eas::y seen. At 
zero temperature, the normalization condition (19), 
(20) reduces to 

I&~~~~~~~-L~~~ __ ~~~ __ ~~ 
10° 10' 102 103 10· 

k.(cv) 

FIC. 10. T"mpcr::.turc dcp~nJ"n.;c ,: : ; .. ~y for :ron .:t norm~! 
cler ... : .' = 7.S5 glee). Tl:c Cu~~<!d C<::h.' :ur., mixture of nuclei 
and C .. ~Clrons without e1..:ctro5ta.tic intL;rJ.ctions. 

---------..---, ... .. ------~- , -----~-
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TAllLE L Atomic binding- encrg-y, E(T=O, p=O), ev/atom. 

Z TF" TFD" DHTF 

1 -20.91 -28 .07 - 26 .3 
6 -1 368 - l·t92 -1475 

26 - ·.18S5 - 43280 - 43590 
92 - 799150 -810500 -824000 

a Reference 2. 

Since J/.-!- is everywhere greater than the average value 
11-0, it follo\\'s tkn the volume inside rl must be less 
than the average volume per atom and hence r1 < roo 
Indeed, at T= 0, the differenti:d equation (16) and 
boundar;: conditions (17) reduce precisely to the 
Th01l1;):-- :"~rmi equ3.tions for an atom of radius rl. 5 

In the C3.se of iron. \"i th ro corresponding to ten times 
normal density, the TF pressure for an atom of radius 
YI is about five times that for radius rD.! The fact that 
the DIITF pressure is only forty percent greater 
than the TF value (Jow-temperature portion of Fig. 2) 
"ho\\'s that the DHTF theory compensates in large 
de;;ree jor the small value of r ! . Nonetheless, it is felt 
Lhat the DHTF results should be viewed with reserva­
tions up to temperatures at which the distribution 
iunction n++ (r ) begins to exhibit some semblance of 
symmetry about the point r=ro. 

c. Energy 

In Fig. 10, the energy difference E(T, p)-E(T= O, 
PiI) (\\'here Po is the normal density of the material) is 
plotted again,," T for normal density iron, for both the 
DHTF and T1-' theorie:i . The curves arc similar to those 
of ri~. 3 jor tne pressure--at high temperatures the 
DHTF curve lies close to the TF one, but at low 
temperatures, the DHTF curve may lie as much as a 
factor two above the other. 

Rough values of the binding ener~y of some atoms 
arc given in Table J. It may 1;' "c;en th:Lt (except at 
10\\''%) the [) IITF theory give" even grea.ter va lues for 
I I~ (T=O, P,.. 0) 1 than docs the TF[) theory. This may 
],C parLly due to the correlation energy, which at low 
densitie:o is greater (in magnitude) than the exchange 
energy of the TFD theory\ probably it is also partly 
the result of the contraction of the electrons around a 
nucleus (the fact that r! < ro, discussed above). 

It may b~ noted that whereas the TFD theory gives 
greater binding and lower specific hc~ct t:-,:.:n the TF 
theory,2 the DHTF theory gives abou: the same or 
even greater binding than the TIo'D theory but ap­
parently a higher specilic heat than the TIo' theory. 

5. DISCUSSION 

It should perhaps be pointed out that the DI- TF 
theory as presented in Sec. 2 is inconsisttnt in tbat the 
electron correlation energy is not included in the 
exponent of the encrgy-di::,tribution functions ustd :n 
calcuiating the electron densi tics, Eqs. (6), (2 .. ), and 
(26) . 

The theory is also thermodynamically inconsistent 
in the manner of all non linearized Debye-Hiickcl 
theories .lo This inconsistency is the result of Llpproxi­
mating the interaction energy lVa;! between tll'O charged 
particles ex and {3 by the expression, 

(53) 

for use in (5), (6), and (26) . As defined earlier, the 
potential fa is the potential a distance r from the 
particle a averaged over all configurations of all par­
ticles a her than ex, including the particle (3 . The correct 
value of TVa,) is, however, the work requirtd to bring {3 
from infinity to r, the force involved at each stage in 
this process being that obtained by averaging over all 
coilfigurations of particles other than ex (!lid {3.IS The 
approximation (53) is therefore best when q:; is small, 
the density of other charged particle::; is high, :md tl e 
temperature is high; for then qp makes it nesligible 
contribution to fa, and in bringing {3 up from infinity t.o 
evaluate Waf! the position of (3 will hayc only a negligible 
effect on the configuration of the c..' ch:trges. IG This, 
too, throws doubt on the physical Slg liGeance of the 
plateaus in Figs. 3 and -±, whi.:h appear at large Z, low 
density, ancllow ttmperature. 

J; R. J L l-'owlt:r and E. -'I, . Gugg('nh,'; d, .'i/ali."ical 'l'lifrll,m!\,· 
1I!t1l1ics (Camilritig-e university Press, London, 1956), Ch • .cjl . IX 
(ef'pcci41Iy §923) . 

16 In the limit of very low densities of char;,'c! particles, then 
for not too large r the potential 'faCT) beCOl:lCS just Lr.C Coulomb 
potential of the cbarge a. Equation (53) :J.g,,!r, Lccom<.:s a g-ood "p. 
proximation, resulting- in the well-known \' .... Jity oi the Dcu}'c, 
Hiickel theory in the limit 0; very low electrolyte conccntf.ltions. 
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